Thermoelectric effect in a parallel double quantum dot structure by Gong, Wei-Jiang & Wei, Guo-Zhu
ar
X
iv
:1
11
2.
41
08
v2
  [
co
nd
-m
at.
me
s-h
all
]  
20
 D
ec
 20
11
Thermoelectric effect in a parallel double quantum dot structure
Wei-Jiang Gong1,2 and Guo-Zhu Wei1,2
1. College of Sciences, Northeastern University, Shenyang 110819, China
3. International Centre for Materials Physics,
Chinese Academy of Sciences, Shenyang, 110016, China
(Dated: October 11, 2018)
We discuss the thermoelectric properties assisted by the Fano effect of a parallel double quantum
dot (QD) structure. By adjusting the couplings between the QDs and leads, we facilitate the
nonresonant and resonant channels for the Fano interference. It is found that at low temperature,
Fano lineshapes appear in the electronic and thermal conductance spectra, which can also be reversed
by an applied local magnetic flux with its phase factor φ = pi. And, the Fano effect contributes
decisively to the enhancement of thermoelectric efficiency. However, at the same temperature,
the thermoelectric effect in the case of φ = pi is much more apparent, compared with the case
of zero magnetic flux. By the concept of Feynman path, we analyze the difference between the
quantum interferences in the cases of φ = 0 and φ = pi. It is seen that in the absence of magnetic
flux the Fano interference originates from the quantum interference among infinite-order Feynman
paths, but it occurs only between two lowest-order Feynman paths when φ = pi. The increase of
temperature inevitably destroys the electron coherent transmission in each paths. So, in the case of
zero magnetic field, the thermoelectric effect contributed by the Fano interference is easy to weaken
by a little increase of temperature.
PACS numbers: 73.23.Hk, 73.50.Lw, 85.80.Fi
I. INTRODUCTION
The field of thermoelectricity and solid-state
thermionics has recently received renewed atten-
tion, due to advances in growth and fabrication
of complex compounds, mesoscopic devices and
nanostructures.1,2 The main purpose is to enhance
the efficiency of solid-state thermoelectric devices at
a mesoscopic or nanoscopic scale.3 As is known, the
thermoelectric efficiency of a solid-state device is de-
scribed by the figure of merit ZT . ZT is defined as
ZT = S2GT/κ, (1)
where S, G, and T are thermopower, electronic con-
ductance, and absolute temperature, respectively.
κ = κel + κph is the thermal conductance, in which
κel is the electron and κph the phonon thermal
conductance.4 Besides, the thermal and electronic
conductances for most macroscopic metals at very
low or room temperatures are constrained by the
Wiedemann-Franz law,
κ/GT = L0, (2)
where L0 = k
2
Bpi
3/3e2 is the Lorenz number with kB
the Boltzmann constant and e the electron charge.5
Since the relationship between these parameters
above, it is difficult to achieve the increment of ther-
moelectric efficiency in bulk materials.
The progress of research on the quantum trans-
port through mesoscopic systems and nanostruc-
tures motivates scientists to pay close attention to
the thermoelectric properties of mesoscale or nanos-
ale structures.6 Recently, there reported a number
of interesting experimental results, and the bar-
rier of ZT = 1 has been overcome at high tem-
peratures in such structures. Harman et al. ob-
served ZT ≃ 1.6 in a PbSeTe based quantum dot
superlattice.7 Venkatasubramanian et al. achieved
ZT ≈ 2.4 in a p-type Bi2Te3/Sb2Te3 superlattice.
8
More recently, Kanatzidis and co-workers found that
bulk AgPb18SbTe20 with internal nanostructures
has ZT ≈ 2 at T = 800K.9 In nanocrystalline
BiSbTe bulk alloys ZT reached the value 1.4 at
T = 373K.10 And, a 100-fold improvement of ZT
compared to the bulk value has been reported lately
in Si nanowires.11,12 On the other hand, Lyeo et al.
measured the Seebeck coefficient across a junction
formed by a semiconducting substrate and the tip of
a scanning transmission microscope. The consensus
is that finding a material with a thermoelectric figure
of merit ZT ≥ 4 would mark a major technological
breakthrough.13 The experimental results were well
explained by theoretical workers. It was found that
the enhanced ZT in nanostructures is attributed to
the decrease of the thermal conductance produced
by the scattering of phonons off the structure,14,15
or due to the increase of thermopower induced by
the presence of enhanced densities of states at the
Fermi level.16–18
QD systems are typical nanostructures, since they
contain a variety of interesting quantum trans-
port properties with their potential applications.
Furthermore, based on the work of Mahan and
Sofo,18 it can be anticipated that QDs and molec-
ular junctions are good candidates to explore the
thermoelectric properties of low-dimensional struc-
tures, since the δ-like density of states and small
phonon contribution to thermal conductance in
these systems.14,18,19 Consequently, many experi-
mental and theoretical groups have devoted them-
selves to the thermoelectric properties of QDs and
molecules, as a result, some interesting phenom-
ena were reported.19–25,28–34 First, it was found
that in these systems, the characteristics of level
2quantization and Coulomb blockade effects indeed
lead to novel thermoelectric features, such as os-
cillations of the thermopower and oscillations of
the thermal conductance.21,22,25–27 On the other
hand, the Coulomb interactions in QD devices have
a significant influence on thermoelectric transport
coefficients, and lead to strong violation of the
Wiedeman-Franz law.24,35 Experiments performed
on QDs in the Kondo regime reveal a strong in-
fluence of spin correlations on the thermopower.32
Also, Murphy et al. demonstrated that violation of
the Wiedeman-Franz law is the main mechanism of
an enhanced thermoelectric efficiency in molecular
junctions, which can be important for possible ap-
plications in energy conversion devices.36 Then, the
above results confirm that the peculiar properties of
QDs play important roles in the change of thermo-
electric properties.
As is known, QDs have important characteristics
that some QDs can be coupled to form coupled-QD
systems. In comparison with the single-QD system,
coupled QDs present more intricate quantum trans-
port behaviors, because of the tunable structure pa-
rameters and abundant quantum interference mech-
anisms. A variety of interesting phenomena were re-
ported in the past years, such as negative differential
conductance37, Pauli spin blockade38, multi-orbital
Kondo effect39, Fano effect40, decoupled molecular
states41, etc. In view of these results, one can antic-
ipate the thermoelectric properties of coupled QDs
will be of much interest. Recently, the thermoelec-
tric properties of the coupled-QD structures have
received much attention.42–45 Calculations based on
the density-functional formalism indicate that the
thermoelectric efficiency of molecules which exhibit
the Fano resonance can be significantly enhanced.46
And, Yoshida et al. reported that in the structure
of a QD side coupled to a quantum wire, the inter-
play between the quantum interference and Kondo
effect makes nontrivial contributions to thermoelec-
tric properties.33 Apart from the T-shaped QD sys-
tem, thermoelectric effects of the parallel coupled
QDs were also studied extensively. Very recently,
Liu et al. have investigated thermoelectric effects in
parallel double QDs attached to two metallic leads,
and with a magnetic flux threading the QD device.47
They arrived at the conclusion that the figure of
merit ZT can be enhanced in the vicinity of the Fano
resonance. Similar conclusion also follows from a re-
cent paper, where the influence of electron interfer-
ence in a two-level system on the maximum thermo-
electric power is analyzed.48 Besides, it was reported
that in such structures the interplay between the
Coulomb correlations and interference effects leads
to strong violation of the Wiedemann-Franz law.49
Based on the existing results, one can conclude that
in coupled QDs, the quantum interference plays a
significant role in modulating the thermoelectric ef-
fect.
Following such a topic, in this work we would
1
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FIG. 1: Schematic of a parallel double-QD structure.
Φ denotes a local magnetic flux through the system.
like to carry out a comprehensive analysis about the
thermoelectric behaviors assisted by the Fano effect.
To do so, we choose a parallel double-QD struc-
ture, and adjust the QD-lead couplings to realize
the nonresonant and resonant channels for the Fano
interference.50,51 Via numerical calculation, we find
that the Fano effect contributes significantly to the
enhancement of the thermoelectric efficiency. Fur-
thermore, in the cases of zero magnetic flux and fi-
nite magnetic flux with φ = pi, the Fano interferences
play different roles in the thermoelectric effect. To
be precise, at the same temperature, the thermo-
electric effect in the case of φ = pi is more robust
compared with the case of zero magnetic flux. By
analyzing the difference between the quantum in-
terferences in these two cases, the physics pictures
are clarified, so that the magnetic-flux dependence
of thermoelectric effects is well explained. Based on
the obtained results, we believe that this work is
helpful for understanding about the thermoelectric
effect of double-QD systems.
II. MODEL
The parallel double QD structure that we consider
is illustrated in Fig.1. The Hamiltonian to describe
the electronic motion in this structure reads
H = HC +HD +HT . (3)
The first term is the Hamiltonian for the noninter-
acting electrons in the two leads:
HC =
∑
αkσ
εαkc
†
αkσcαkσ , (4)
where c†αkσ (cαkσ) is an operator to create (annihi-
late) an electron of the continuous state |k, σ〉 in the
lead-α (α ∈ L,R). εkα is the corresponding single-
particle energy. The second term describes electron
in the double QDs. It takes a form as
HD =
2∑
j=1,σ
εjd
†
jσdjσ , (5)
3in which d†jσ (djσ) is the creation (annihilation) op-
erator of electron in QD-j. εj denotes the electron
level in the corresponding QD. We assume that only
one level is relevant in each QD. Here in order to
present the leading thermoelectric results affected
by the quantum interference, we ignore the electron
interaction in QDs. The last term in the Hamilto-
nian describes the electron tunneling between the
leads and QDs, which is given by
HT =
∑
αkjσ
(Vjαd
†
jσcαkσ +H.c.). (6)
In this equation, Vjα denotes the QD-lead coupling
strength. In the symmetric gauge, the tunneling
matrix elements take the following values: V1L =
|V1L|e
iφ/4, V ∗1R = |V1R|e
iφ/4, V2R = |V2R|e
iφ/4, and
V ∗2L = |V2L|e
iφ/4. The phase shift φ is associated
with the magnetic flux Φ threading the system by a
relation φ = 2piΦ/Φ0, in which Φ0 = h/e is the flux
quantum.52
In such a structure, the electric and heat current
can be defined as a change in the number of elec-
trons and the total energy per unit time in lead-
L, respectively. Namely, JLe =
ie
~
〈[H,NL]〉 and
JLQ =
i
~
〈[HL, H ]〉 with Nα =
∑
k,σ c
†
αkσcαkσ . With
the help of the nonequilibrium Green function tech-
nique, the electric and heat currents can be ex-
pressed as53,54
JLe =
e
h
∑
σ
∫
dωτσ(ω)[fL(ω)− fR(ω)],
JLQ =
1
h
∑
σ
∫
dω(ω − µL)τσ(ω)[fL(ω)− fR(ω)].
(7)
fα(ω) = [exp
ω−µα
kBTα
+ 1]−1 is the Fermi distribution
function of lead-α when each lead is in thermal equi-
librium at temperature Tα. µα = eVα is the chem-
ical potential shift due to the applied source-drain
bias voltage Vα. The transmission spectral function
τσ(ω) is given by the following expression
53,55
τσ(ω) = 4Tr[Γ
L
G
r
σ(ω)Γ
R
G
a
σ(ω)]. (8)
Γ
L is a 2×2 matrix, describing the coupling strength
between the two QDs and lead-L. It is defined as
[ΓL]jn = piVjLVLnρL(ω) (VLn = V
∗
nL). We will ignore
the ω-dependence of ΓLjn since the electron density
of states in lead-L, ρL(ω), can be usually viewed as
a constant. Similarly, we can define [ΓR]jn. In Eq.
(8) the retarded and advanced Green functions in
Fourier space are involved. These Green functions
can be solved by the equation-of-motion method. By
a straightforward derivation, we obtain the retarded
Green function which are written in a matrix form
G
r
σ(ω) =
[
g1σ(z)
−1 iΓ12
iΓ21 g2σ(z)
−1
]−1
, (9)
with z = ω + i0+ and Γjn = [Γ
L]jn + [Γ
R]jn.
gjσ(z) = [z − εj + iΓjj ]
−1 is the zero-order Green
function of the QD-j unperturbed by another QD.
The advanced Green function can be readily ob-
tained via a relation Gaσ(ω) = [G
r
σ(ω)]
†. In this
work, due to the spin independence of the structure
parameters, the Green function and transmission
spectral function are spin degeneracy with gjσ = gj
and τσ(ω) = τ(ω).
In the linear response regime, we can expand the
electric and heat currents up to the linear terms of
a temperature gradient δT = TL − TR to a ther-
moelectric voltage δV = VL − VR. The transport
coefficients Lij are defined by the relations(
JLe
JLQ
)
=
(
L11 L12
L21 L22
)(
VL − VR
TL − TR
)
. (10)
and can be expressed in terms of the transport in-
tegral Kn =
1
h
∫
dω(− ∂f∂ω )ω
nτ(ω) as L11 = e
2K0,
L21 = L12T = −eK1, and L22 = K2/T . Then the
linear response conductance G = limV→0
dJe
dV = L11
is given by the equation
G = e2K0. (11)
The thermopower of a QD system in a two-terminal
configuration can be found in an open circuit by
measuring the induced voltage drop across a QD
when the temperature difference between two leads
is applied. The thermopower is defined by the rela-
tion
S = −
δV
δT
|J=0, (12)
and can be expressed as
S = −
1
eT
K1
K0
. (13)
The electronic contribution to the thermal conduc-
tance defined by κe =
∆JQ
∆T can be expressed by
κe = K1eS +
K2
T
. (14)
III. NUMERICAL RESULTS AND
DISCUSSIONS
With the formulation developed in the above sec-
tion, we perform the numerical calculation to inves-
tigate the thermoelectric properties of the parallel
double-QD structure. Prior to the calculation, we
need to introduce a parameter Γ as the unit of en-
ergy.
According to the discussions in the previous work,
this structure is usually used to research the well-
known Fano effect of QD system by adjusting its
arms as nonresonant and resonant channels for elec-
tron transmission. Based on such a result, we here
would like to focus on the thermoelectric effect influ-
enced by the Fano interference in the parallel double-
QD structure. First, we choose Γ22 = 10Γ11 = Γ
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FIG. 2: (a) and (b), the electronic conductances with
the increase of temperature, in the cases of φ = 0 and
φ = pi, respectively. And, the corresponding thermopow-
ers are shown in (c) and (d).
to achieve the nonresonant and resonant transport
for the Fano interference. With respect to the QD
levels, we take ε1 = ε0 −
Γ
2 and ε2 = ε0 +
Γ
2 , re-
spectively. In experiment, ε0 can be changed with
respect to the zero point energy via adjusting the
gate voltage. Surely, ε1 and ε2 can be viewed as the
levels of the bonding and antibonding states of the
coupled double QDs. In Fig.2, we plot the spectra
of electronic conductance and thermopower as func-
tions of ε0 (i.e., the QD level), respectively. Fig.2(a)
shows the spectra of the electronic conductance vs
ε0 in the absence of magnetic field. We observe that
at low temperature, e.g., kBT ≤ 0.02Γ, the elec-
tronic conductance spectrum shows up as a Fano
lineshape. With the increase of temperature, the
Fano lineshape in the electronic conductance spec-
trum becomes ambiguous. We can understand that
such a result arises from the destructive effect of
the increase of temperature on the Fano interference
here. Next, in Fig.2(b) we see that the Fano line-
shape in the conductance spectrum is reversed in the
case of a magnetic flux through the ring with φ = pi.
Also, with the increase of temperature the Fano line-
shape becomes unclear. However, from Fig.2(a)-(b),
we observe that in the two cases that φ = 0 and
φ = pi, temperature plays different roles in modi-
fying the Fano interference. To be precise, in the
zero-magnetic-flux case, the conductance lineshape
is destroyed more seriously by the increase of tem-
perature. When kBT = 0.05Γ, the Fano dip in the
conductance spectrum is significantly raised, accom-
panied by the suppression of the Fano peak. But,
in the case of φ = pi, the conductance spectrum is
weakly dependent on the increase of temperature, so
that the Fano lineshape can still be seen in the con-
ductance spectrum in the case that kBT = 0.05Γ.
In Fig.2(c)-(d), we investigate the Seebeck effect
in the cases of φ = 0 and pi, respectively. From the
two figures, we see that the nonzero Seebeck coef-
ficient only appears in the energy region where the
Fano interference occurs (Hereafter we call such a
region the “Fano region” for simplicity). Hence, it
is evident that in this structure the Seebeck effect is
closely dependent on the Fano interference. Conse-
quently, at low temperature when the Fano interfer-
ence is strong, the magnitude of Seebeck coefficient
is large. And, the increase of temperature weakens
the Fano interference, so that the magnitude of See-
beck coefficient becomes small. Also due to such a
reason, the different Fano lineshapes, i.e., the differ-
ent Fano interferences in these two cases cause two
different results about the Seebeck effects. To be
specific, in the zero-magnetic-flux case, the value of
Seebeck coefficient is greater than zero in the Fano
region. But when the magnetic flux is applied with
φ = pi, the sign of the Seebeck coefficient becomes
negative. In addition, it shows that in the case of
zero magnetic field, the magnitude of the Seebeck
coefficient is suppressed with the increase of temper-
ature. Especially when kBT = 0.1Γ, the magnitude
of S is almost less than 0.5. However, at the case
of φ = pi, the temperature dependence of S is weak.
Accordingly, we obtain the result that S ≈ 2 when
kBT = 0.1Γ.
It should be pointed out that the different ther-
moelectric properties in the cases of φ = 0 and
φ = pi originate from the different Fano interference
mechanisms. Next, we try to clarify the difference
between the Fano interferences in such two cases
by employing the concept of Feynman path. With
this idea, we rewrite the electron transmission func-
tion as T (ω) = 4Tr[ΓLGrΓRGa] = |
2∑
j,n=1
t(j, n)|2.
Herein, the electron transmission coefficients are de-
fined as t(j, n) = V¯LjG
r
jnV¯nR with V¯jα = V¯
∗
αj =
Vjα
√
2piρα(ω). Then, we expand the Green func-
tion into an infinite geometric series, e.g., Gr11 =
g−1
2
g−1
1
g−1
2
+Γ12Γ21
=
∞∑
j=0
g1(−g1g2Γ12Γ21)
j . Following
the expansion of the Green function, the transmis-
sion coefficient t(1, 1) can be expressed as a summa-
tion of Feynman paths with different orders, i.e.,
t(1, 1) =
∞∑
j=0
V¯L1g1(−g1g2Γ12Γ21)
j V¯1R =
∞∑
j=0
tj(1, 1).
(15)
For example, t0(1, 1) = V¯L1g1V¯1R is the zero-order
Feynman path from lead-L to lead-R via QD-1.
For the first-order Feynman path, it can be written
as t1(1, 1) = −V¯L1g
2
1g2Γ12Γ21V¯1R, which consists of
four terms representing individual Feynman paths.
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FIG. 3: The contributions of the zero- and first-order
Feynman paths to the electron transmission at the case
of zero magnetic field.
They are denoted as


t1a(1, 1) = −V¯L1g1V˜1LV˜L2g2V˜2LV˜L1g1V¯1R,
t1b(1, 1) = −V¯L1g1V˜1LV˜L2g2V˜2RV˜R1g1V¯1R,
t1c(1, 1) = −V¯L1g1V˜1RV˜R2g2V˜2LV˜L1g1V¯1R,
t1d(1, 1) = −V¯L1g1V˜1RV˜R2g2V˜2RV˜R1g1V¯1R,
(16)
with V˜jα = V˜
∗
αj = Vjα
√
piρα(ω). Similarly, we can
expand other transmission coefficients as a summa-
tion of Feynman paths, e.g.,
t(1, 2) =
∞∑
j=1
iV¯L1(−g1g2Γ12)
jΓj−121 V¯2R =
∞∑
j=1
tj(1, 2).
(17)
The lowest-order Feynman paths of t(1, 2) can be
written as{
t1a(1, 2) = −iV¯L1g1V˜1LV˜L2g2V¯2R,
t1b(1, 2) = −iV¯L1g1V˜1RV˜R2g2V¯2R.
(18)
By the same approach, the Feynman paths arising
from t(2, 2) and t(2, 1) can be clarified.
Via the analysis above, we can clearly know that
the Fano effect in this structure originates from
the quantum interference among infinite Feynman
paths. But when the magnetic flux is introduced
with φ = pi, the contribution of the higher-order
Feynman paths will vanish due to the destructive
interference among them. Then in such a case, the
two QDs become decoupled from each other with
Γjn = 0 (j 6= n). And, the interference between
t0(1, 1) and t0(2, 2) leads to the Fano effect. Based
on this viewpoint, we can understand that the dif-
ferent Fano lineshapes in the electronic conductance
spectra arise from the dissimilar Fano interference
mechanisms. Also for such a reason, the thermoelec-
tric effect in these two cases present different prop-
erties. With the help of the Feynman path method,
we next illustrate the sensitive effect of temperature
in the case of φ = 0. In Fig.3, we investigate the
contributions of the zero- and first-order Feynman
paths to the electronic conductance. For the zero-
order paths, we find that the increase of temperature
can not affect the magnitude of t0(2, 2), whereas the
resonant path t0(1, 1) is destroyed via the increase
of temperature. Surely, such a result brings about
the temperature-induced change of Fano effect in the
case of φ = pi. Next, in Fig.3(c)-(e) one sees that
by the increase of temperature, the contributions of
the first-order paths are weakened seriously. This is
because that the temperature increase destroys the
coherent transmission in the paths. According to
this result, we can ascertain that the contributions
of the higher-order paths will decrease seriously with
the increase of temperature, since the complication
of high-order paths. Thus, even if the same increase
of temperature, the quantum interference of φ = 0
will be further weakened, compared with the case of
φ = pi. Up to now, we have understood the sensitive
effect of temperature on decrease of thermoelectric
efficiency in the zero-magnetic-flux case.
In the following, we investigate the thermal con-
ductance κ, figure of merit ZT , and Lorenz num-
ber L in this structure, respectively. The numeri-
cal results are shown in Fig.4. First, in Fig.4(a)-
(b) we show the thermal conductance spectra in the
cases of φ = 0 and φ = pi, respectively. In these
two figures, we observe that only at low tempera-
ture (e.g., kBT ≤ 0.02Γ), the thermal conductance
spectra are similar to those of electronic conduc-
tance. But, the temperature dependence of ther-
mal conductance is more sensitive compared with
the electronic conductance, especially in the case of
zero magnetic flux. Typically, when temperature in-
creases to kBT = 0.05Γ, the value of thermal con-
ductance is raised and a sub-peak emerges in the
Fano region of the thermal conductance spectrum.
Alternatively, for the case of φ = pi, in the Fano re-
gion the thermal conductance increases a little with
the increase of temperature to kBT = 0.05Γ. Next,
Fig.4(c)-(d) show the spectra of figure of merit ZT
with the change of QD level. Here we see that in
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FIG. 4: (a) and (b) The thermal conductances affected
by the temperature increase, in the cases of φ = 0 and
φ = pi, respectively. The corresponding thermal efficien-
cies are respectively shown in (c) and (d), whereas the
Lorenz numbers are in (e) and (f).
the zero-magnetic-flux case, the magnitude of ZT
is always less than one. And, with the increase of
temperature, the value of ZT decreases to a large
degree. For instance, in the case of kBT = 0.1Γ, the
value of ZT is almost close to zero. But when φ = pi,
the thermoelectric efficiency is enhanced to a large
degree in the Fano region. Even if kBT = 0.1Γ,
the magnitude of ZT is close to one. Besides, we
see that in such a case, the figure of merit is nearly
independent of the increase of temperature at low
temperature of kBT ≤ 0.05Γ. Now, we can clar-
ify the difference of the thermoelectric properties in
these two cases.
It is known that in the bulk materials the thermal
and electric conductances at low temperature are re-
lated by the Wiedemann-Franz law, i.e., κ/GT = L0,
where L0 = k
2
Bpi
3/3e2. Then, in order to investi-
gate the violation of Wiedemann-Franz law in such
a structure, we reassume L = κ/GT and evaluate
the value of L/L0 in Fig.4(e)-(f). It is seen that in
both cases of φ = 0 and φ = pi, the Lorenz num-
ber is deviated from its classical value in the Fano
region. And, at the same temperature, the value of
L/L0 in the case of φ = pi is much larger than that
in the case of φ = 0. In addition, it is obvious that
with the increment of temperature, the magnitude
of L/L0 decreases since the weakness of the Fano
interference effect.
We readily find that all the configurations of cou-
pled double QDs can be mapped into the above
model by means of representation transformation.
So, the thermoelectric properties of the above model
can help to further understand those of coupled
double-QD systems. On the other hand, in or-
der to clarify the thermoelectric properties of cou-
pled double QDs, it is necessary for us to trans-
form its QD Hamiltonian into the molecular or-
bital representation. We take the parallel coupled
double QDs as an example to illustrate such an is-
sue. The single-electron Hamiltonian of it is given
by h =
∑
k,α∈L,R
εαkc
†
αkcαk +
∑2
j=1 ejf
†
j fj + λf
†
1f2 +∑
αkj
wjαf
†
j cαk + h.c.. f
†
jσ (fjσ) is the creation (an-
nihilation) operator of electron in QD-j. ej de-
notes the electron level in the corresponding QD.
λ is the interdot coupling. wjα denotes the cou-
pling between the QDs and leads, which is real
in the absence of magnetic flux. As reported by
the some works, such a structure possesses interest-
ing thermoelectric properties.49 Let us analyze this
structure by mapping the QD Hamiltonian into its
molecular orbital representation. We obtain the re-
lation between QD level ej and eigenlevel εj , i.e.,
ε1 =
1
2
(
e1 + e2 −
√
(e1 − e2)2 + 4λ2
)
and ε2 =
1
2
(
e1 + e2 +
√
(e1 − e2)2 + 4λ2
)
. Besides, the cou-
plings between the molecular states and lead-α are
expressed as
[
V1α
V2α
]
= [η]
[
w1α
w2α
]
with
[η] =


√
λ2
λ2+(ε1−e1)2
√
(ε1−e1)2
λ2+(ε1−e1)2
−
√
λ2
λ2+(ε2−e1)2
√
(ε2−e1)2
λ2+(ε2−e1)2

 .
With the above results, the coupling strengths be-
tween the molecular states and the leads can be
evaluated, i.e., Γαjj = pi|ηj1w1α + ηj2w2α|
2ρα(ω) and
Γαjl = pi(ηj1w1α + ηj2w2α)(η
∗
n1w
∗
1α + η
∗
n2w
∗
2α)ρα(ω).
It is certain that the couplings between the molec-
ular states and the leads determine the quantum
transport properties of coupled double QDs. When
changing ej and wjα to satisfy the condition of
Γjj ≪ Γnn, we achieve the resonant and nonreso-
nant channels for electron transmission, so that the
Fano effect will occur. One will then observe the
enhancement of thermoelectric efficiency. Such a re-
sult can be attributed to the destructive quantum
interference among infinite Feynman paths. More-
over, for a typical structure with ej = ε0, λ =
Γ
2 ,
and |wjα| = 2|wnα|, there will be Γjj ≈ 10Γnn.
Then, in the configuration of left-right symmetry,
i.e., wjL = wjR, the quantum interference and the
thermoelectric behaviors just correspond to the case
7of φ = 0 in our model. Alternatively, for a structure
with wjL = wnR, there will be Γjn = 0 (j 6= n).
The thermoelectric properties will be the same as
those in our model of φ = pi, which is caused by the
Fano interference which occurs between two zero-
order Feynman paths. Up to now, by analyzing
the quantum interference of the coupled double-QD
structure, we have clarified its thermoelectric fea-
tures.
At last, we would like to state that the theory in
this work can be generalized to discuss the thermo-
electric effect of the multi-QD structures. From the
previous literature,56–58 we know that multi-QD sys-
tems possess abundant quantum interference mech-
anism. And in such systems, the couplings between
some molecular states and leads act as nonresonant
channels while the states provide resonant channels
for electron transmission, so the Fano effect comes
into being. Besides, since so many tunable structure
parameters, in multi-QD systems the Fano effect is
more intricate compared with double-QD structures.
Therefore, we are sure that the thermoelectric prop-
erties of these structures are of much interest. With
the help of our analysis, we here readily discuss the
thermoelectric results of multi-QD structure mod-
ulated by the Fano effect. By mapping the QD
Hamiltonian into its molecular orbital representa-
tion, we can first clarify the feature of Fano effect.
In the case of Γjn 6= 0 (j 6= n), the Fano effect
arises from the quantum interference among infinite
Feynman paths. And in such a case, thermoelec-
tric quantities are more sensitive to the change of
temperature, compared with the structure of double
QDs. This is because that in multi-QD structures,
the Feynman paths become more complicated. But
when the coupling manners between the molecular
states are Γjn = 0 (j 6= n), it is certain that the
Fano effect is caused by the quantum interference
among the zero-order Feynman paths. Then, similar
to the double-QD structure, the temperature depen-
dence of the thermoelectric quantities is relatively
weak. Therefore, the analysis about the thermoelec-
tric properties of the double QDs can be generalized
to multi-QD case. Therefore, we believe that our
work is helpful for the understanding about the ther-
moelectric properties of coupled-QD systems which
are induced by the Fano effect.
IV. SUMMARY
To sum up, in this paper we have discussed the
thermoelectric properties assisted by the Fano effect
in a parallel double QD structure. By adjusting the
the couplings between the QDs and leads, we facili-
tated the nonresonant and resonant channels for the
Fano interference. It was found that at low tem-
perature, Fano lineshapes appear in the electronic
and thermal conductance spectra. And, the Fano
lineshapes can be reversed by applying a local mag-
netic flux with the magnetic phase factor φ = pi.
It showed that the Fano effect contributes nontriv-
ially to the enhancement of the thermoelectric ef-
ficiency. Furthermore, in the cases of φ = 0 and
φ = pi, the different-property Fano interferences in-
duced the different thermoelectric effects. Namely,
by the presence of magnetic flux with φ = pi, the
thermoelectric effect is much more apparent com-
pared with that in the zero-magnetic-flux case. By
employing the concept of Feynman path, the physics
reason was clarified. To be concrete, the Fano ef-
fect of φ = 0 is caused by the quantum interference
among infinite Feynman paths. Hence, it is sensi-
tive to the temperature increase, since the increase
of temperature can effectively suppress the coherent
transmission in each path. In contrast, the Fano in-
terference of φ = pi, resulting from the interference
between two zero-order paths, is less dependent on
the temperature increase. Next, at the end of the
text, we discussed the feasibility of our theory in
multi-QD structures. We hope that the theory of
this work is helpful for understanding the thermo-
electric properties contributed by the Fano effect of
coupled-QD systems.
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